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WONDERFUL SYMMETRIC VARIETIES AND SCHUBERT 

POLYNOMIALS 

MAHIR BILEN CAN, MICHAEL JOYCE, AND BENJAMIN WYSER 


Abstract. Extending results of [15], we determine formulas for the equivariant cohomol¬ 
ogy classes of closed orbits of certain families of spherical subgroups of GLn on the flag 
variety GLnjB. Putting this together with a slight extension of the results of [5], we ar¬ 
rive at a family of polynomial identities which show that certain explicit sums of Schubert 
polynomials factor as products of linear forms. 


1. Introduction 


Suppose that G is a connected reductive algebraic group over C. Suppose that B D T are a 
Borel subgroup and a maximal torus of G, respectively, and let t denote the Lie algebra of 
T. By a classical theorem of Borel [ 1 ], the cohomology ring of G/B with rational coefficients 
is isomorphic to the coinvariant algebra where denotes the ideal generated by 

homogeneous W-invariant polynomials of positive degree. Any subvariety Y of G/B defines 
a cohomology class [Y] in H*{G/B). It is then natural to ask for a polynomial in Z[t*] which 
represents [Y]. In this paper, for certain families {Y^} and {L^} of subvarieties of G/B, we 
approach and answer this question in two different ways. Relating the two answers leads in 
the end to our main result. Theorem liTl which is, roughly stated, a family of non-trivial 
polynomial relations among certain basis elements of H*{G/B) factoring completely into 
linear forms. 


Our group of primary interest is G = GLn, with B its Borel subgroup of lower-triangular 
matrices, and T its maximal torus of diagonal matrices. In this case, there is a canonical basis 
xi,..., of t* that correspond to the Chern classes of the tautological quotient line bundles 
on the variety of complete flags G/B. Let Zn denote the center of GLn, consisting of diagonal 
scalar matrices. Let On denote the orthogonal subgroup of GLn, and let Sp2n denote the 
symplectic subgroup of GL2n- Denote by GO„ (resp. GSp2n) the central extension ZnOn 
(resp. Z2nSp2n)- For any ordered sequence of positive integers p = {pi,... ,ps) that sum 
to n, GLn has a Levi subgroup := GL^.^ x ... x GL^^, as well as a parabolic subgroup 
Pfi = Lfj^ X containing B, where denotes the unipotent radical of P^. 

The subgroup 


:= (GO^, X ... X GO^J x 

of GLn is spherical, meaning that it acts on GLn/B with finitely many orbits. Moreover, 
each such subgroup has a unique closed orbit Y^ on GLn/B, which is our object of primary 
interest. 
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The reason for our interest in this family of orbits is that they correspond to the closed 
-B-orbits on the various G-orbits of the wonderful compactification of the homogeneous 
space GLn/GOn- This homogeneous space is affine and symmetric, and it is classically 
known as the space of smooth quadrics in Its wonderful compactification, classically 

known as the variety of complete quadrics ffai, is an equivariant projective embedding 
X which contains it as an open, dense G-orbit, and whose boundary has particularly nice 
properties. (We recall the definition of the wonderful compactification in Section [2.11 ) 

It turns out that, with minor modifications, our techniques apply also to the wonderful 
compactification X' of the space GL 2 n/GSp 2 n- The G-orbits on X' are again parametrized 
by compositions of n or, equivalently, by compositions /r = (^i,..., ps) of 2n in which each 
part Hi is even. Each G-orbit has the form G/H'^, with 

b; := {GSp^, X ... X G5p^J K 

a spherical subgroup which again acts on GL 2 n/B with a unique closed orbit T^. (In this 
presentation, we use the latter parameterization where p is a composition of 2n with all even 
parts.) 

Let us consider two ways in which one might try to compute a polynomial representative of 
[Yfj] (or [Y^]). For the first, note that being an orbit of H^, also admits an action of a 
maximal torus 5^ of Thus Y^ admits a class in the 5^-equivariant cohomology of 

GLn/B^ denoted by Hg^{GLn/B). In brief, this is a cohomology theory which is sensitive 
to the geometry of the 5^-action on GLn/B. It admits a similar Borel-type presentation, 
this time as a polynomial ring in two sets of variables (the usual set of x-variables referred 
to in the second paragraph, along with a second set which consists of y and z-variables) 
modulo an ideal. Moreover, the map Hg (GLn/B) —)• H* (GLn/B) which sets all of the y 
and z-variables to 0 sends the equivariant class of any 5^-invariant subvariety of GLn/B to 
its ordinary (non-equivariant) class. Thus if a polynomial representative of can be 

computed, one obtains a polynomial representative of [E^] by specializing y, z i—>• 0. 

In [Is], this problem is solved for the case in which p has only one part (that is, for the 
group GOn)- Here, we extend the results of m to give a formula for the equivariant class 
(and \Y//\si^) for an arbitrary composition p. The main general result is Proposition 
13.41 it, together with Proposition 13.51 imply the case-specific equivariant formulas given in 
Corollaries 13.61 and 13.81 

The formulas for \Y^] and \Y/j\ obtained from these corollaries (by specializing y and z- 
variables to 0) are as follows: 

Corollary 1.1. The ordinary cohomology class of [E^] is represented in H*(G/B) by the 
formula 

fl (^^. + 

\i=l / 

Corollary 1.2. The ordinary cohomology class of \Y//\ is represented in H*(G/B) by the 
formula 

( 2n \ 

Yl (Xj + Xk). 


WONDERFUL SYMMETRIC VARIETIES AND SCHUBERT POLYNOMIALS 


3 


The notations etc. will be defined in Sections [2] and [3l For now, note 

that the representatives we obtain are factored completely into linear forms. In fact, the 
formulas reflect the semi-direct decomposition of (resp., H'^) as we will detail in Section 

El 

A second possible way to approach the problem of computing [1^] is to write it as a (non¬ 
negative) integral linear combination of Schubert classes. For each Weyl group element 
w ^ Sn, there is a Schubert class the class of the Schubert variety = B^wB/B 
in G/B, where B'^ denotes the Borel of upper-triangular elements of GLn- The Schubert 
classes form a Z-basis for H*{G/B). 

Assuming that one is able to compute the coefficients in 


( 1 ) 




wdW 


,[x- 


then one may replace the Schubert classes in the above sum with the corresponding Schu¬ 
bert polynomials to obtain a polynomial in the x- variables representing \Y^]. The Schubert 
polynomials &w are defined recursively by first explicitly setting 

p; — n-l n-2 2 

'ttiQ *— *^1 ^2 * * * 


and then declaring that 6^ = di&wsi if wsi > tc in Bruhat order. Here, Si = {i,i + 1) 
represents the ith. simple reflection, and di represents the divided difference operator 
defined by 




f /(^l; • • • ; Xi—l^ Xi-^l , Xi , Xi-^2 ; • • • ; 
Xi 


It is well-known that &w represents [A"'] [TO], and so if ([I|) can be computed, [Y^] is repre¬ 
sented by the polynomial E ©to- 

w€W 


In fact, a theorem due to M. Brion [2] tells us in principle how to compute the sum ([T|) 
in terms of certain combinatorial objects. More precisely, to the variety there is an 
associated subset of W, which we call the VF-set of and denote by IF(A^). For each 
w G W{Y^), there is also an associated weight, which we denote by D{Yfj,,w). Then the 
aforementioned theorem of Brion says that the sum ([T|) can be computed as 


( 2 ) 


[y^] = 

^oeW(y,) 


This can be turned into an explicit polynomial representative via the aforementioned Schu¬ 
bert polynomial recipe, assuming that one can compute the sets W(Y^)^ and the correspond¬ 
ing weights D{Y^,w) explicitly. In fact, in Section [T3l we recall explicit descriptions of the 
VF-sets VF {Yfj) which have already been given in [5l[6|, slightly extending those results to also 
give an explicit description of VF(F^) for arbitrary /r. (Previous results of [5] only described 
VF(y^) when // consisted of a single part.) And as we will note, the weights D{Y^,w) are 
straightforward to compute. 

This gives a second answer to our question, but note that it comes in a different form. 
Indeed, the formulas of Corollaries 11.11 and 1 1.2 1 are products of linear forms in the x-variables 
which are not obviously equal to the corresponding weighted sums of Schubert polynomials. 
Of course, it is possible that the two polynomial representatives are actually not equal, but 
simply differ by an element of the ideal defining the Borel model of H*{G/B). However, 
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our main result, Theorem 0 states that in fact the apparent identity in H*{G/B) is an 
equality of polynomials. 

The paper is organized as follows. Section [2] is devoted mostly to recalling various back¬ 
ground and preliminaries: We start by recalling necessary background on the wonderful 
compactification in Section 12.11 We then give the explicit details of the examples which 
we are concerned with in Section 12.21 this includes our conventions and notations regarding 
compositions, as well as our particular realizations of all groups, including the groups 
and H'^. In Section [2.31 we review the notion of weak order and W-sets. We recall results 
of 012] which are relevant to the current work, giving a slight extension of those results to 
the case of W(Y^) for arbitrary //. 

In Section [3l we briefly review the necessary details of equivariant cohomology and the 
localization theorem. We then use those facts to extend the formulas of m to the more 
general cases of this paper, obtaining Proposition l3.4l in a general setting, and its case-specihc 
Corollaries 13.61 and 13.81 Corollaries o and [Q] are immediate consequences of these. 

Finally, in Section [H we compare the representatives of [Y^] and [T^] obtained via our two 
different approaches, obtaining Theorem 14.11 

2. Background, notation, and conventions 

2.1. The wonderful compactification. We review the notion of the wonderful compact¬ 
ification of a spherical homogeneous space G/H. A homogeneous space G/H is spherical 
if a Borel subgroup B has hnitely many orbits on G/H (or equivalently, if Ff is a spherical 
subgroup of G, meaning that H has hnitely many orbits on G/B). Some such homogeneous 
spaces, namely partial flag varieties, are complete, while others (for example, symmetric 
homogeneous spaces) are not. In the event that G/H is not complete, a completion of it is a 
complete G-variety X which contains an open dense subset Xq G-equivariantly isomorphic 
to G/H. X is a wonderful compactification of G/H if it is a completion of G/H which 
is a “wonderful” spherical G-variety; this means that A is a smooth spherical G-variety 
whose boundary (the complement of Xq) is a union of smooth, irreducible G-stable divisors 
Hi,... (the boundary divisors) with normal crossings and non-empty transverse in¬ 
tersections, such that the G-orbit closures Z on X are precisely the partial intersections of 
the Hj’s. The number r is called the rank of the homogeneous space G/H. 

The number of G-orbits on X is then 2^, and they are parametrized by subsets of {1,..., r}, 
with a given subset determining the orbit by specifying the set of boundary divisors con¬ 
taining its closure. It is well-known that the subsets of {1,... ,r} are in bijection with the 
compositions of r. A composition of r is simply a tuple p, = (/ri,..., p,s) with Y/i IJ-i = 
For a given composition /r = (/ii,... ,p,s), we set ui = 0, /jq = 0 and dehne the integers 
vi,... ,Vs by the formula Uj = /ij for f = 1,..., s. In words, Uj is the sum of the 

hrst i — 1 parts of the composition p.. We parametrize the G-orbits in our examples by 
compositions of n, n — 1 being the rank of both of the symmetric spaces GLn/GOn and 
GL2n/ GSp2n- 

2.2. Our examples. We now describe the two primary examples to which we will directly 

apply the general results of this paper. The first is the wonderful compactification X of the 
space of all smooth quadric hypersurfaces in i.e. GLn/GOn, classically known as the 

variety of complete quadrics. 
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Choose B to be the lower-triangular subgroup of GLn, and T to be the maximal torus 
consisting of diagonal matrices. We realize On as the fixed points of the involution given by 
6{g) = where J is the nxn matrix with I’s on the antidiagonal, and O’s elsewhere. 

When On is realized in this way, On H B, the lower-triangular subgroup of On, is a Borel 
subgroup, and S := On H T is a maximal torus of On, consisting of all elements of the form 

(3) diag(ai , . . . , drn-) ^rn 5 • • • 5 ^1 )5 
where ai G A:* for i = 1,..., m when n = 2m is even, and of the form 

diag(ai,.. 

• , (^m, 1) O^rn ) • • • ) )) 

where a* € k* for i = 1,..., m when n = 2m -|- 1 is odd. The Lie algebra s of 5 then takes 
the form 

(4) diag(fli,..., o,m, o,m, ■ ■ ■, Ri)) 
where ai & k for i = 1,... ,m in the even case, and 

diag(Q.i, ... , (Ini, 0, CLm , ■ ■ ■ , ) j 

where a* € fc for i = 1,..., m in the odd case. 

Note that the diagonal elements of H form a maximal torus S' of dimension one greater 
than dim(5). The general element of S' is of the form 

diag(Aai,..., Aa^, Aa“\ ..., Xa^^) 
in the even case, and of the form 

diag(AG.i,..., XcLfn, A, Aci^ , • • •, Au]^ ) 
in the odd case. Here, A is an element of k* and a^’s are as before. 

The Lie algebra s' of S' then consists of diagonal matrices of the form 

diag(A -\- (X \,..., A “t" CL^n, A o^m, • • •, A ui) 
in the even case, and of the form 

diag(A (X \,..., A “t" dm. A, A dm ,..., A ui). 
in the odd case. Here, A is an element of k and Uj’s are as before. 

So far what we have is G/H, the dense G-orbit on X. We now describe the other G-orbits. 
As mentioned in Section [2.11 they are in bijection with compositions g of re. 

Corresponding to g, we have a standard parabolic subgroup x containing B 

whose Levi factor L is GL^.^ x ... x GL^^ , embedded in GLn in the usual way, as block 
diagonal matrices. The G-orbit corresponding to g is then isomorphic to G/H^, where 
is the group 

(GO/,1 X ... X GO^J X Ufj,, 

where GO^^ = is realized in GL^. as described above. Then B n is a Borel 

subgroup of Hfj^, and S^ := T n is a maximal torus of H^. 

Note that S^ is diagonal, and consists of s “blocks”, the rth block consisting of those diagonal 
entries in the range Vi + 1,... + gi. li gi = 2m is even, then the rth block is of the form 

(h) diag(AjQ.jp, . . . , Xidi^m, • ■ ■ i )' 

The corresponding rth block of an element of is then of the form 

(6) diag(Aj -|- dig, . . . , Aj -|- di^m, Ai di^m, ■ ■ ■ , Xi dig'). 
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If ^ = 2m + 1 is odd, then the ith block is of the form 

(7) diag(AjQ.j^i,..., Aj, AjO.^^^,..., AjCij ). 

The ith block of an element of is correspondingly of the form 

(8) diag(Aj T , Aj + ni,m) Aj, Aj 

Our second primary example is the wonderful compactification of GL 2 n/H' where H' = 
GSp 2 n- H' may be realized as the fixed points of the involutory automorphism of GL 2 n 
given by 5 I—>■ where J is the 2n x 2n antidiagonal matrix whose antidiagonal 

consists of n I’s followed by n — I’s, reading from the northeast corner to the southwest. 

Once again taking B to be the lower-triangular Borel of GL 2 n, and T to be the diagonal 
maximal torus of GL 2 n, one checks that H' f] B is a Borel subgroup of H', and that S' := 
H' DT is a, maximal torus of H'. S' is then of exactly the same format as indicated in (j3]), 
while its Lie algebra s' is as indicated by ([1]) . 

The additional G-orbits on the wonderful compactification of GL 2 n/GSp 2 n again correspond 
to compositions p = {pi,..., ps) of n. For such a composition, we let be the 

standard parabolic subgroup whose Levi factor is GL 2 ^^ x ... x GL 2 ^^, embedded in GL 2 n 
as block diagonal matrices. Then the G-orbit corresponding to p is isomorphic to G/H'^, 
where 

H'^ = (G5p2mi X ... X G5p2mJ X 

with each GSp 2 ^i = Z 2 fnSp 2 fjn embedded in the corresponding GL 2 m just as described 
above. 

The torus S'^ then consists of s “blocks”, just as in the orthogonal case. This time, each 
block is of even dimension, so each is of the form described by ([5|). The corresponding block 
of the Lie algebra is then of the form indicated in ([6]) . 

We conclude this section with several general observations that are applicable to our chosen 
examples. For the remainder of this section, let G be an arbitrary reductive algebraic group 
and P a parabolic subgroup of G containing a Borel subgroup B with Levi decomposition 
P = L X U. Let Hl he a subgroup of L and consider the G-variety V = G Xp L/Hl, 
where P acts on G by right multiplication and on L/Hp via its projection to L. (Thus, V 
is a G-variety via left multiplication of G on the first factor.) Then G is a homogeneous 
G-variety and the stabilizer subgroup of the point Hp] is H := HpU C P. The 

construction oi V = G/H from L/Hp (or equivalently of iL C G from Hp C L) is called 
parabolic induction. 

Note that in our examples, is obtained via parabolic induction from GO^^ x ■ ■ ■ x GO^^, 
(playing the role oi Hp) and H'^ is obtained via parabolic induction from GSp^.^ x • • • x GSp^^, 
(likewise playing the role of Hp). We now summarize some results from the literature that 
describe the role of parabolic induction for wonderful varieties. 

Proposition 2.1. (1) Let H he a symmetric subgroup of G such that G/H has a won¬ 

derful compactification X. Assume that the characteristic of the underlying ground 
field is 0. Then every G-orbit of X is obtained via parabolic induction from a spher¬ 
ical homogeneous space L/Hp for some Levi subgroup L of G. 

(2) If Hp is a spherical subgroup of L such that L/Hp contains a single closed Bp-orbit 
(with Bp a Borel subgroup of L) and H is the subgroup of G obtained by parabolic 
induction, then H is a spherical subgroup of G and G/H contains a single closed 
B-orbit. 
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Proof. The first result is a reformulation of a result of de Concini and Procesi [TJ Theorem 
5.2]. They show that a G-orbit V has a G-equivariant map V —>■ G/P with fiber L/Hl. (In 
fact, they show that the closure of V maps G-equivariantly to G/P with fiber the wonderful 
compactifcation of from which our statement follows by restricting the map to V.) 

It follows that there is a bijective morphism f : G Xp L/Hp —> V, which is an isomorphism 
if (p is separable m discussion after Theorem 2.2]. (This explains our assumption on the 
characteristic. Note that we work over C in the rest of the paper.) 

For the second result, we first prove that H is spherical. We may choose B and Bp so that 
B = BpU. We may also assume that the P/)-orbit of 1 • Hp/Hp is dense in L/Hp, where 
Bfp is the opposite Borel subgroup ol Bp in L. Then it immediately follows that the P-orbit 
of [wq, IHp/Hp] is dense in G/H, where wq is an element of Ng(T) C G that represents the 
longest element of the Weyl group of G. Indeed, the P-orbit of wq is dense in G/P and for 
any U,^ G P/), [uvro,b~Hp/Hp] = [u{vrob~w/,~^)w/,,l ■ Hp/Hp] € P • [uTo^lHp/Hp], 
since wob~wo G Bp. 

By m Lemma 1.2], every P-orbit Y in G/P has the form BwY' where w G (parameter¬ 
izing the P-orbits in G/P) and Y' is a P^^-orbit in L/Hp (viewed as a subvariety of G/H via 
the embedding iHp/Hi i-A- [l,£Hp/Hp]). If Y is closed, then its image BwP must be closed 
in G/P (since the natural map G/H —)■ G/P extends to the wonderful compactification 
of G/H), and so tc = 1 with our conventions. Then Y = BY' and Y' must be closed in 
L/Hp. This establishes a bijection between closed P^-orbits in L/Hp and closed P-orbits 
in G/P. □ 

2.3. Weak order and W-sets. Let X be a wonderful compactification. In this section we 
review the notion of the weak order on the set of P-orbit closures on X. Note that X is a 
spherical variety, meaning that P has finitely many orbits on X, hence the weak order will 
give a finite poset. 

Let a be a simple root of T relative to P, let Sq G IT denote the corresponding simple 
reflection, and let P^ = P U BsaB denote the corresponding minimal parabolic subgroup. 
The weak order on the set of P-orbit closures on X is the one whose covering relations 
are given by T -<Y' if and only if Y' = PqY 7 ^ Y for some a. (So in general, Y < T' if and 
only if Y' = Pq,^ ... Pa^Y for some sequence of simple roots ai,..., a^.) 

When considering the weak order on X, it suffices to consider it on the individual G-orbits 
separately. Indeed, if Y and Y' are the closures of P-orbits Q and Q', respectively, and if 
Y < y' in weak order, then Q and Q' lie in the same G-orbit. Therefore, we focus on the 
weak order on P-orbit closures on a homogeneous space G/P. The Basse diagram of the 
weak order poset can be drawn as a graph with labelled edges, each edge with a “weight” 
of either 1 or 2. This is done as follows: For each cover Y Y' with Y' = PaY, we 
draw an edge from Y to T', and label it by the simple reflection Sq,. If the natural map 
Pa x^ Y —?■ y' is birational, then the edge has weight 1; if the map is generically 2-to-l, 
then the edge has weight 2. (These are the only two possibilities.) The edges of weight 2 
are frequently depicted as double edges [Ij. 

In the graph described above, there is a unique maximal element, namely G/P. Given a 
P-orbit closure Y, its kF-set, denoted W{Y), is defined as the set of all elements of W 
obtained by taking the product of edge labels of paths which start with Y and end with 
G/P. The weight D{Y,w) alluded to before dl]) is defined as the number of double edges in 
any such path whose edge labels multiply to w. (Note that there is one such path for each 
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reduced expression of w, but all such paths have the same number of double edges, so that 
D{Y,w) is well-defined [Ij.) We have now recalled all explanation necessary to understand 
the formula of ([ 2 ]) . 

Next, we briefly recall results of PIS] which give explicit descriptions of these Vh-sets in the 
cases described in Section 12.21 

We begin by addressing the case of the extended orthogonal group H = GOn and the 
variants For a set A C [n] := {1,2,... ,n}, say that a < b are adjacent in A if there 
does not exist c ^ A such that a < c < b. Let Wn denote the set of elements w £ Sn that 
have the following recursive property. Initialize Ai = [n]. For 1 < i < [n/2j, assume that 
r(;(l),... , w{i — 1) and w{n + 2 — i),..., w{n) have already been dehned. (This condition is 
vacuous in the case i = 1.) Then w{i) and w{n + 1 — i) must be adjacent in Ai and w{i) 
must be greater than u;(n-|-1 — i). Dehne := Ai\{w{i),w{n + l — i)}. This completely 
defines w when n is even, and if n = 2A: -|- 1 is odd, then A^+i will consist of a single element 
m, so define w{k + \) = m. For example, Ws consists of the eight elements of given in 
one-line notation by 24531, 25341, 34512, 35142, 42513, 45123, 52314, 53124. 

Proposition 2.2 (P). Let Y denote the elosed B-orbit in G/H where G = GL^ and 
H = GOn. Then W{Y) = Wn- 

Remark 2.3. The “W-set” of P, which is denoted by Dn there, differs slightly from ours. 
More precisely, the relationship between Dn and our W-set is 

Wn = : w E Dn}. 

Let us explain the reason for the discrepancy. First, the partial order considered in P is the 
opposite of the weak order on Borel orbits considered here, which necessitates inverting the 
elements of Dn. Second, we consider here B to be the Borel subgroup of lower triangular 
matrices in GLn, while P uses the Borel subgroup of upper triangular matrices. This 
necessitates conjugating the elements by wq. 

Similarly, we define a set W^ C Sn associated with a composition ^ = (//i,..., /r^) of n. We 
begin by recalling the notion of a /i-string p. Recall that we have defined Vk = hj'i 

by convention = 0. The ith /i-string of a permutation w £ Sn, denoted by strj(t(;) is 
the word w{vi + 1) w{vi + 2) ... w{i'i+i). For example, if tc = W 1 W 2 W 3 W 4 W 5 WQW 7 = 3715462 
is a permutation from S 7 (written in one-line notation) and /x = (2,4,1), then the second 
/x-string of w is the word 1546. Let A C [n] have cardinality k and assume a word co of 
length k is given that uses each letter of A exactly once. Dehne a bijection between [k] and 
A by associating to x E [k] the xth largest element of A. Under this bijection, the word 
u! corresponds to the one-line notation of a permutation w in Sk. Call w the permutation 
associated to the word uj. Continuing the example, the permutation associated to the word 
U! = 1546 is 1324 E S 4 (in one-line notation). 

The set W^ consists of all w £ Sn such that the letters of strj(t(;) are precisely those j such 
that n — Vij^i < j <n — Vi and the permutation associated to str:i{w) is an element of W^.. 
For example, W( 4 ^ 2 ) consists of the three elements of Sq given in one-line notation by 465321, 
563421, 643521. 

Proposition 2.4 (P). Let Ijj denote the closed B-orbit in G/H^ where G = GLn and 
= {GO^, X • • • X X U^. Then W{Y^) = W^. 
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Just as in Remark 12.31 the relation between and the set dehned in [ 6 ] is W;, = 
{wqw~^wq : w € Dfj}. 

We now turn to the extended symplectic case H' = GSp 2 n and its variants H'^. Consider 
the inclusion of Sn into S2n via the map n i-A (^(u) = v = viV2 ■ ■ ■ V2n, where 

[vi,V2, .. .,Vn,Vn+i, ■ ■ ■, V2n-i, V2n] = [2u(l)-l, 2u(2)-l,... ,2u{n)-l,2u{n),... ,2u(2),2u(l)] 

Let W 2 n = {4>iu) € S 2 n ■ u € Sn}- For example, Wg consists of the six elements of Sq given 
in one-line notation by 135642, 153462, 315624, 351264, 513426, 531246. 

Proposition 2.5 f[T^ [5]L Let Y' denote the closed B-orbit in G/H' where G = GL 2 n and 
H' = GSp 2 n- Then W{Y') = W'n ^ Corollary 2.16]. 

We now proceed to define a set C S 2 n for any composition p = {pi,..., ps) of 2n into 
even parts. The set consists of all w G Sn such that the letters of stri(t(;) are precisely 
those j such that n — Uj+i < j < n — Vi and the permutation associated to strj(r(;) is an 
element of W^.. For example, W |2 4 ) consists of the two elements of Sg given in one-line 
notation by 123564, 125346. 

Proposition 2.6. Let Y^ denote the closed B-orbit in G/H'^ where G = GL 2 n and = 
{GSp^, X • • • X X U^. Then W{Y'^) = W'^. 

Proposition 12.61 is proved in exactly the same manner as Proposition 12.41 is proven in [ 6 l 
Theorem 4.11], so we omit its proof. Alternatively, it can be obtained as a corollary of 
Proposition 12.51 by applying a general result of Brion on VF-sets for homogeneous spaces 
obtained by parabolic induction [21 Lemma 1.2]. 

3. EQUIVARIANT cohomology COMPUTATIONS 

3.1. Background. We start by reviewing the basic facts of equivariant cohomology that we 
will need to support our method of computation. All cohomology rings use Q-coefficients. 
Results of this section are generally stated without proof, as they are fairly standard. To 
the reader seeking a reference we recommend m for an expository treatment, as well as 
references therein. 

We work in equivariant cohomology with respect to the action of S^ on G/B, where 5^ is 
a maximal torus of the group contained in T. Given a variety X with an action of an 
algebraic torus S, the equivariant cohomology is, by definition, 

H*s{X) := H*{{ES X X)/S), 

where ES denotes a contractible space with a free S'-action. Hg{X) is an algebra for the 
ring As '■= iZ^({pt.}), the A 5 -action being given by pullback through the obvious map 
X —>■ {pt.}. As is naturally isomorphic to the symmetric algebra Sym(s*) on s*. Thus, 
if yi,...,yn are a basis for s*, then As — Sym(s*) is isomorphic to the polynomial ring 
Z[y] = Zlui,... ,yn]- When X = GjB with G a reductive algebraic group and B a Borel 
subgroup, and if 5 C T C R with T a maximal torus in G, then we have the following 
concrete description of Hg{X): 

Proposition 3.1. Let R = Sym{t*), R' = Sym{5*). Then Hg{X) = R' R. Here, W 
is the Weyl group of {G, T). If Xi,..., Xn are a basis for P, and Yi,..., Ym are a basis of 
5 *, elements of Hg{X) are thus represented by polynomials in variables Xi := 1 ® Xi and 
yi := Yi G) 1. 
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To make this clear in the setting of our examples (cf. Section 12.2p , if 5 is taken to be the 
full maximal torus T of GL„, we let Xj (i = 1,..., n) be the function on t which evaluates 
to a, on the element 

t = diag(ai,... ,a„). 

We denote by Tj (i = 1,..., n) a second copy of the same set of functions. We then have two 
sets of variables as in Proposition 13.11 typically denoted x = xi,..., and y = yi,..., 
and T-equivariant classes are represented by polynomials in these variables. 

If // = (/ii,..., ^s) is a composition of n, let T be the full torus of GLn, and let be the 
torus of Hfj,, as in §2. We denote by Xi the same function on t as described above. We 
denote by Yij the function on which evaluates to Uij on an element of the form in ([6]) (if 
Hi is even) or ([8j) (if Hi is odd). We denote by Zi the function which evaluates to A* on an 
element of the form dH) or ([8]). Then letting lower-case x, y, and z-variables correspond to 
these coordinates (with matching indices), Hg^{G/B) is generated by these variables, and 
when we seek formulas for certain S'^-equivariant classes, we are looking for polynomials in 
these particular variables. 

We next recall the standard localization theorem for torus actions. For more on this funda¬ 
mental result, the reader may consult, for example, [3]. 

Theorem 3.2. Let X be an S-variety, and let i : X^ ^ X be the inclusion of the S-fixed 
locus of X. Then the pullback map of As-modules 

i* : H^{X) H*s{X^) 

is an isomorphism after a localization which inverts finitely many characters of S. In par¬ 
ticular, if Hg{X) is free over As, then i* is injective. 

When X = G/B, Hg{X) = R' R is free over R' (as R is free over R^), so any 
equivariant class is entirely determined by its image under i*. We will only apply this result 
in the event that 5 = T is the full maximal torus of G, so the T-fixed locus is finite, being 
parametrized by W. Then for us, 

H^{X^) - 0 At, 

wGW 

so that in fact a class in H^{X) is determined by its image under for each w a W, where 
here denotes the inclusion of the T-fixed point wB/B in G/B. Given a class j3 G H^{X) 
and a T-fixed point wB/B, we may denote the restriction i^(/3) at wB/B by j3\u,. 

We end the section by recalling how the restriction maps are computed. 

Proposition 3.3. Suppose that fl G H^{X) is represented by the polynomial f = /(x, y) in 
variables x, y. Then /3\w G At is the polynomial f{wY,Y). 

3.2. A general result. Suppose we are given the following basic setup: A reductive alge¬ 
braic group G with a Borel subgroup B containing a maximal torus T, a parabolic subgroup 
P = LU containing B, with Levi factor L containing T and unipotent radical U contained 
in B, and a spherical subgroup H of L. Suppose further that S := T f] H is a maximal torus 
of H, and Bh := B r\ H is a Borel subgroup of H. Let X denote G/B. It follows that HU 
is a spherical subgroup of G, and that the orbit Q := HU ■ IB/B = H ■ IB/B is a closed 
orbit of HU on X. (Note that the second equality follows from the fact that U is contained 
in B.) What we seek is a description of [Q] G Hg{X). Notice that S, being a maximal torus 
of LI, is a maximal torus of HU as well. 


WONDERFUL SYMMETRIC VARIETIES AND SCHUBERT POLYNOMIALS 


11 


Denote hy Bl the Borel subgroup B n L of L, and let Y denote the flag variety -L/Bl 
for the Levi. Note that there is an S'-equivariant embedding j : Y ^ X, which induces 
a pushforward map in cohomology j* : Hg(Y) —)■ Hg{X). Given our setup, the orbit 
Q' = H ■ 1Bl/Bl is closed in Y. In fact, it is equal to Q. To see this we just observe that 
IB/B = IBl/Bl under the embedding j. Nonetheless, to avoid possible confusion, we refer 
to the closed orbit as Q' when thinking of it as a subvariety of Y, and as Q when thinking 
of it as a subvariety of X. 

Let W denote the Weyl group of {G,T) and Wl Y W the Weyl group of {L,T). In the 
root system $ for {G,T), choose <I>^ to be the positive system such that the roots of B 
are negative. Similarly, let <I>l be the root system for {L,T) and let = <I>l n be 
the positive roots of L such that the roots of Bl are negative. Given a root r G d* (resp., 
r G <I*l)) let denote the associated one-dimensional root space in g (resp., 1). 

The next result relates the class of Q' in Hg(Y) to the class of Q in Hg{X). 


Proposition 3.4. With notation as above, the classes j*[Q'] and [Q] are related via multi¬ 
plication hy the top S-equivariant Chern class of the normal bundle NxY. This Chern class 
is the restriction of a T-equivariant Chern class for the same normal bundle, and the latter 
class, which we denote by a, is uniquely determined hy the following properties: 


^\w 


wr if w ^ Wl, 
0 otherwise. 


Proof. The first statement follows easily from the equivariant self-intersection formula [8]. 
Since both X and Y have T-actions (not simply S'-actions, as is the case for Q and Q'), there 
does exist a top T-equivariant Chern class of NxY, and clearly the S'-equivariant version is 
simply the restriction of the T-equivariant one. 

The properties which dehne a follow from analysis of tangent spaces at various fixed points. 
Indeed, it is clear that the T-hxed points of Q' lying in Y are those which correspond to 
elements of Wl C W. Thus for w ^ Wl, we have a\w = 0. For w G Wl, the restriction 
is c'^{NxY)\u, = cJ(iVxT|io) = c^{TyjX/TyfY), where d = codimx(T). Since both X and 
Y are flag varieties, it is straightforward to compute these two tangent spaces, and their 
decompositions as representations of T. Indeed, T^X is simply 0^g^+0«)r) while T^Y is 
0r.g$+ 0uir- The quotient of the two spaces is then 0^g,j,+\^+ Qwr, which implies our claim 

OH CX I uj • 

Finally, that these restrictions determine a follows from the localization theorem. Theorem 

[321 □ 


We now determine an explicit formula for the T-equivariant Chern class a that is dehned 
in Proposition 13.41 when G is of type A. Let p, = {pi,..., ps) be the composition of n 
corresponding to L, so that L = GL^^ x ... x GL^^^, and let T be the full diagonal torus of 
GLn. 

For each 1 < A: < n, let G t* be given by efc(diag(ti,..., tn)) = tfe- For any 1 < A: < / < n, 
let ak^i = Ck — Cl € Finally, let 

{xk-Vi)- 
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An equivalent definition of showing the explicit dependence on the composition fj, is as 
follows. For each pair i,j with 1 < i < j < s, we define a polynomial 

^i,j(x,y) := Y[ n 
Then it follows immediately that 

= n 

1<2<_7<S 

Proposition 3.5. The T-equivariant class a is represented by the polynomial y). 

Proof. It is straightforward to verify that the polynomial representative we give satisfies 
the restriction requirements of Proposition 13.41 Indeed, the Weyl group of L is a parabolic 
subgroup of the symmetric group on n-letters, embedded as those permutations preserving 
separately the sets {ui + 1, ... ,Ui + pi} for z = 0,..., s — 1 . Applying such a permutation to 
the representative above (with the action by permutation of the indices on the x-variables, 
as in ProDosition l3.3l) gives the appropriate product of weights. On the other hand, applying 
any w ^ Wl will clearly give 0, since such a permutation necessarily sends some I € {^i + 
I,..., z/j + Pi} (for some i) to some k € (nj + 1,..., nj + pj} with i < j. This permutation 
forces the factor xi — pk to vanish, which, in turn, forces /i^(x, y) to vanish. By Proposition 
Ea hfj_ represents a. □ 

3.3. The orthogonal case. We now apply these computations specifically to the two type 
A cases described in Section 12.21 using all of the notational conventions defined there. We 
start with the case of (G, if) = {GLn, GOn). Let p = {pi, ..., ps) be a composition of n, 
and let B, T, and 5^ be as defined in Section [221 Let be the standard parabolic 

subgroup containing B whose Levi factor corresponds to p. 

With these choices made, let the x, y, and z variables be the generators for Hg^{G/B) 
explicitly described after the statement of Proposition 13.11 We seek a polynomial in the x, 
y, and z-variables which represents the class of ■ IB/B € P[g^{GLn/B). 

To find such a formula, we use a known formula for the closed On-orbit on GLn/B to 
deduce a formula for the 5^-equivariant class of ■ IB/B in Pf^ {L^/Bl^), and then apply 
Proposition 13.41 Indeed, we know from [15[ I16| that when H = On, the class of H ■ IB/B 
in Hg{GLn/B) (here, S is the maximal torus of H described in Section f2.2p is given by 

(9) [H-IB/B]s= (xj + Xj) = W Xi (xi + x^). 

i<nl2 l<i<j<n—i 

The formula of ([9]) is given in |15j in the case that n is even, while an alternative formula is 
given in the case that n is odd. It is observed in m that the above formula applies equally 
well when n is odd. 

Recall that when H = GOn, a maximal torus S' of H has dimension one greater than the 
corresponding maximal torus S of On- Thus the 5Lequivariant cohomology of GLn/B has 
one additional “equivariant variable”, which we call z. In this case, it is no harder to show 
that the class of H ■ IB/B in P[g, (GLn/B) is given by 

( 10 ) [H ■ 1B/B]s' = Pn(x,y,z) := {xi + Xj-2z). 

l<2<j<n—i 
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Note that by restricting from Hg,{G/B) to Hg{G/B) (which amounts to setting the addi¬ 
tional equivariant variable 2 ; to 0), we recover the original formula ([9|). 

Combining these formulae with Proposition [331 for each composition /r of n we are now ready 
to give case-specific formulae for the unique closed ff^-orbit ■ IB/B on GLn/B. (Recall 
that each of these orbits corresponds to the unique closed R-orbit on the corresponding 
G-orbit on the wonderful compactification of G/H.) 

We consider the variables x = (xi,..., Xn), y = ( 2 / 1 , • • •, Vn), and z = (zi,..., Zg), where s 
is the number of parts in the composition We divide the variables into smaller clusters 
dictated by the composition /r. Let = (xj,.+i,..., J and = (y^^.+i,..., J. 
Then define 

S 

-P/.(x,y,z) := ]JP^.(xfo,yfo,Zi), 
i=l 

where P^^ is given by ([TO]) . 

We now introduce an equivalent, but more explicit, description of the class 
which reflects the block decomposition associated to y. To this end, we introduce new 
notation for a fixed composition y = (/ii,..., fig) of n. First, for each of the s blocks of S^, 
define a polynomial /j(x, z) as follows: 


>-'i + / 2J 

/i(x,z)= Yl 

j = Ui + l 

In words, the Xj occurring in the terms of this product are those occurring in the first half 
of their block, and from each, we subtract the z-variable corresponding to that block. So 
for example, if n = 11, y = (6,5), then 

/l(x,z) = (xi - 2 :i)(x 2 - 2i)(x3 - Zi), 


while 

/2(x,z) = (X7 - 2;2 )(x8 - Z2). 

Next, for each block, define yj(x, z) as follows: 

yi(x,z)= {xj + Xk- 2 zi). 


(Note that gi(x,z) = 1 unless fii > 3.) So for fj, = (6,5) as above, we have 

yi(x, z) = (xi-I-X2 - 221) (xi-I-X3 - 2 zi) (xi-I-X4 - 2 zi)(xi-|-X5-221 )(x2-|-X3-2zi)(x2-|-X4-22:1), 

and 

y2(x,z) = (X7 -h X8 - 2 z 2 ){x 7 -k Xg - 22;2)(2:7 -k Xio - 2 z 2 )(x 8 -k Xg - 22 ; 2 ). 

Finally, we define a third polynomial /i^(x, y,z) in the x, y, and z-variables to simply 
be /i^(x, p(y)), where p denotes restriction from the variables yi,...,yn corresponding to 
coordinates on the full torus T to the variables yij,Zi on the smaller torus S^. To be more 


14 


MAHIR BILEN CAN, MICHAEL JOYCE, AND BENJAMIN WYSER 


explicit, for each i,j with 1 < i < j < s define 


hij{x,y,z) := 


Mi /2 

n n + yj,i - zj) 

k=l 1=1 

LMi/2j 

Ylixui+k - Zj) JJ {Xy^+k-yj,i-Zj){xui+k + yj,i-Zj) 
,fc=l 1=1 


if /ij is even 
if yij is odd 


So for the case n = 4, /i = (2, 2), we have 

/ll, 2 (x,y,z) = (xi - y 2 ,l - Z 2 ){xi + y 2 ,l - Z 2 ){x 2 - y 2 ,l - Z 2 )(X 2 + 1/2,1 “ Z 2 ), 

while for the case n = 5, /U = (2,3), 

/ip 2 (x, y, z) = (xi - 2;2 )(x2 - Z 2 )(xi - y2,l - Z 2 )(xi + y2,l - Z2)(X2 - y2,l - Z2)(X2 + y2,l - Z 2 ). 

Then we define 

l<i<j<s 


Propositions 13.41 and 13.51 then imply the following formula for the 5^-equivariant class of 
■ IB/B in this case. 

Corollary 3.6. The Sfj,-equivariant class of the unique closed H^-orhit ■ IB/B on G/B 
is represented by the polynomial 


y, z) /i(x, z) 5 ri(x, z), 
2=1 


S 

where d{y) = E 
2=1 


Proof. The fact that the product /j(x, z) 5 rj(x, z) is equal to the formula for j*[Q'] 

2=1 

follows from the formula of (jlOll . It follows from Proposition 13.41 and Proposition 13.51 that 
the representative of [Q] is obtained from jt,[Q'\ by multiplying with the top S-equivariant 
Chern class of the normal bundle, which is represented by the polynomial /i^(x, y, z). □ 

Corollary 3.7. The S^-equivariant class [27^ • IB/B] is represented by the polynomial 

-PM(^jyj2:)/i^(x,y,z). 

Proof. This follows immediately from the observation that 


□ 
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3.4. The symplectic case. We give similar (but simpler) formulas for the case when 
{G,H') = (GL 2 n,GSp 2 n)- Recall from [15] that for the case {G,H) = {GL 2 n, Sp 2 n), the 
S'-equivariant class {S the maximal torus of H described in Section [2.21) of the unique closed 
orbit H ■ IB/B is given by 

(11) [H-IB/B]s= n (xi + Xj). 

l<i<j<2n—i 

As before, it is no harder to see that if S' is the maximal torus of diagonal elements of H', 
then the S"-equivariant class of the closed orbit H' ■ IB/B is represented by 

(12) [H'-IB/Bjs = Pniy^,y,z) := {xi + Xj-2z). 

l<i<j<2n—i 

Now let p = {pi,..., ps) be a composition of 2n with all even parts. (In the obvious way, 
this is the same thing as a composition of n, but for the sake of sticking with our previously 
defined notation, it is most convenient to define p in this way.) Let be the spherical 
group 

{GSp^^ X ... X GSp^J K Ufj,, 

as defined in Section [2.21 Let S'^ be the maximal torus of with the y and z-variables as 
defined above. 

Corollary 3.8. In H^, (G/B), the class of the closed H'^-orbit H'^ ■ IB/B is represented by 

S 

^M(x,y,z) ]j 5 rj(x,z). 
i=l 

Proof. The proof is identical to that of Corollary 13.61 using Proposition 13.41 combined with 
( 1121 ) in the same way. □ 

Remark 3.9. Note that gi{x,z) = P'^.{x^'\ y^''\ Zi), where P'^. is given by (fT^ . so that 
again [H'^ ■ IB/B] is equal to P))(x, y, z)/i^(x, y, z), where 

pix.y.z] :=nP;.(x(‘l,y«,2,). 

i=l 

□ 

We now specialize these formulas to ordinary cohomology (by setting all y and z-variables 
to 0), in order to prove Corollaries 11.11 and 11.21 First, we define the notations used in those 
formulas which have not yet been defined. For each i = 1,..., n, let B{p, i) denote the block 
that the variable Xi occurs in, i.e. B{p,i) is the smallest integer j such that 

3 

1=1 

Then for each i = 1,..., n, define R{p, i) to be 

RihP) ■= hj- 

This is the combined size of all blocks occurring strictly to the right of the block in which 
Xi occurs. 
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Finally, again for each such i, define i) to be 1 if and only if xt occurs in the first half of 
its block, and 0 otherwise. Note that by the “first half” we mean those positions less than 
or equal to £/2 where i is the size of the block; in particular, for a block of odd size, the 
middle position is not considered to be in the first half of the block. 

Proof of Corollaries \1.1\ and \1.2[ The formula of Corollary 11.11 comes from that of Corollary 
13.61 we simply set y = z = 0. The binomial terms Xj+Xk come from the polynomials gi{^, 0). 
The monomial terms come from the polynomials /j(x, 0) and 0,0). The term 

comes from /j(x, 0), the latter being xi if this variable occurs in the first half of its block, 
and 1 otherwise. The remaining comes from the hij{'K,0,0). Indeed, it is evident 

that for an x-variable in block i, for each j > i the given x-variable appears in precisely fj,j 
linear forms involving y, z terms associated with block j. 

The proof of Corollary 11.21 is almost identical, except simpler. □ 


4. Factoring sums of Schubert polynomials 

We end by establishing explicit polynomial identities involving sums of Schubert polynomials, 
using the cohomological formulae of the preceding section together with the results of lais] 
which were recalled in Section 12.31 

Note that by Brion’s formula ([2|) combined with the fact that the Schubert polynomial is 
a representative of the class of the Schubert variety X'^ in H*(G/B), we have the following 
two families of identities in H* {G/B): 


n ^ / 

(13) E 2 D(y^,u))g^ _ 2 ^( 11 ) Yl {Xj + Xk) 

w£W{Y^) *=1 *=1 \i^i+l<j<k<Ui+i-j 

2n ^ ( 

( 14 ) ©«!=n n n i.xj+xk) 

weW{Yp i=l i=l \t^i+l<j<k<Ui+i-j 

Equation (|13l) above simply combines ([2|) with Corollary 11.11 Likewise, m combines m 
with Corollary 11.21 together with the fact that all B-orbit closures in the symplectic case 
are known to be multiplicity-free, meaning D(Y^,w) = 0 for all w € WfY^. 

In fact, also in (11311 above, the powers of 2 can be completely eliminated from both sides 
of the equation. This follows from a result of Brion [U Proposition 5], which states that 
whenever G is a simply laced group (recall that for us, G = GL„), all of the coefficients 
appearing in ([2]) are the same power of 2. It is explained in [6l Section 5] that the coefficients 
appearing on the left-hand side of (1131) are in fact all equal to 2'^^^). Since H*{G/B) has no 
torsion, we have the simplified equality 

n ^ I 

E s»=n='f‘'‘"’*'‘'‘"Ti n (v+-'=) 

wgw(yp *=i i=i 





( 15 ) 
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Now, note that a priori, the identities (1141) and (|15p hold only in H*{G/B). That is, we 
know only that the left and right-hand sides of the identities are congruent modulo the ideal 
. We end with a stronger result. 

Theorem 4.1. Both (flTl) and CSI) are valid as polynomial identities. 


Proof. We use the fact that the Schubert polynomials {©^u | w € Sn} are a Z-basis for 
the Z-submodule T of Z[x] spanned by monomials Wx'f with c* < n — i for each i [m 
Proposition 2.5.4]. We claim that on the right-hand side of (fT^ (resp. ([HI)), each Xi does 
in fact occur with exponent at most n — i (resp. 2n — i). To see this, note that since the 
right-hand side of each identity is a product of linear forms, it suffices to count, for each i, 
the number of these linear factors in which Xi appears. 

/ ^ \ 

In (fT^ . we claim that Xi appears in precisely /aj \ — i of the linear factors. Since 

S S 

hj < Hj = n, this establishes our claim that the right-hand side lies in T. Indeed, 
j=i 

clearly Xi appears R[pL,i) + 6{fi,i) times as a monomial factor, so we need only count the 
number of binomial factors of the form Xj + Xk that it appears in. One checks easily that it 
appears in //j — i — 1 such factors if Xi occurs in the first half of its block, and in //j — i such 
factors otherwise. In other words, if W is the number of binomial factors involving Xi, then 
we have 6{n, i) + Ni = — i. Thus 


R{p,,i) + + Ni = R{^,i) + ij,i - i 


+tii-1 



as claimed. 

Clearly, the right-hand side of (1141) also lies in T, applying the same argument with n replaced 


by 2n. Indeed, the only difference is in the lack of the additional monomial factor x' 




thus Xi occurs in either | /ij 1 — i or fij \ — i — 1 of the linear factors on 

\i=B{nd) ) 

the right-hand side of (1141) . In either event, this is at most 2n — i, as required. 

Now, since the right-hand side of each of (1141) and m are in T, they are expressible as a 
sum of Schubert polynomials whose indexing permutations lie in S 2 n (for (fTTl) ! or Sn (for 
()15l) i in exactly one way. Furthermore, since the Schubert classes are a Z-basis for 

H*{G/B), the cohomology class represented by the right-hand side of (fTTl) and (fT^ is a 
Z-linear combination of Schubert classes in precisely one way. Clearly, the same indexing 
permutations must arise with the same multiplicities in both the polynomial expansion and 
the cohomology expansion. Then since (1141) and (IlSp are correct cohomologically, they must 
also be polynomial identities. □ 
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Example 4.2. In the orthogonal case when ^ = (3,4), the identity (jlSp becomes 

©6752431 + ©6753412 + ©6754213+©7562431 + ©7563412 + ©7564213 = 

xfx2x|x4X5(xi + X2)(X4 + X5)(x4 + Xq). 
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